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bond. This process was ignored by Hoffmann14 be-
cause the 1Ai* state is energetically unfavorable. Our 
limited CI calculations on 1Ai states of CH2 indicate 
that the 1Ai* — 1Ai energy separation is only 1.92 eV. 
Thus, the possible role of the 1Ai* state in the reaction 
cannot be ruled out, particularly when this state seems 
to be the one that is photochemically produced. 

In contrast to the carbene, the nitrenium ion may 
be produced from the heterolytic cleavage of an > N -
Cl bond under solvolytic conditions, giving a chloride 
ion and an electron-deficient species >N:+, the ni
trenium ion.8 The ion should be formed in the 1A1 

state, with the lone pair in the N-chloramine correla
ting with the 3ai orbital in the nitrenium ion. Gass-
man3 has pointed out that the 1Ai state should ex
hibit carbonium ion like behavior, while the 3Bi state 
would be expected to resemble a nitrogen cation radi
cal in its chemical reactivity. Using these ideas and 
the fact that spin-orbit interaction should convert 
the 1Ai nitrenium ion to the 3Bi ion, he has established 
the existence of the nitrenium ion by observation of 
triplet-singlet product ratios as halogenated solvents 
are added to the reaction. Thus, two states of the 
nitrenium ion are of particular interest in its chemistry. 

Our CI calculations indicate that the 3Bi — 1Ai 
separation for the NH2

+ molecule is 1.56 eV. This is 
about twice as large as the 3Bi — 1Ai separation pre
dicted for CH2. Our value of 0.88 eV for the sin
glet-triplet splitting in CH2 compares quite favorably 
with the more extensive calculations of O'Neil, Schae-

Chain branching, together with molecular weight 
distribution, tacticity in vinyl polymers, and degree 

of cross linking in network polymers, is a molecular 
parameter knowledge of which is crucial to the un-

fer, and Bender/ which predict a separation of 0.96 
eV. The experimental value of the (3Bi — 1Ai) separa
tion is not known for either CH2 or NH2

+ ; however, 
in view of our agreement with Schaefer and Bender 
for the 3Bi — 1Ai separation in CH2 and the excellent 
agreement with the experimental value for the (1Bj — 
1Ax) separation in CH2 (see Table I), we believe the 
reported value for NH2

+ is probably accurate to 0.2 eV. 

Conclusions 

In this paper, nonempirical configuration-interac
tion results have been reported for the low-lying states 
of NH2

+ and CH2. Analysis of these results suggests 
several points which are of potential value in under
standing and interpreting the chemistry of these and 
related species. First of all, the singlet-triplet separa
tion (1Ai — 8Bi) for NH2

+ is predicted to be about 
twice as big as the singlet-triplet separation for CH2. 
Secondly, the 1Ai* state of CH2 is implicated as the 
active state in the stereospecific addition of CH2 to 
olefins. 
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derstanding of the physical properties of polymers.1 

Many experimental studies2-12 seeking to determine the 

(1) C. A. Sperati, N. A. Franta, and H. W. Starkweather, Jr., J, 
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Abstract: The mean-square unperturbed radii of gyration of branched polyethylenes are calculated in the ro
tational isomeric state approximation. Tri- and tetrafunctional branching is considered, as well as the effects of 
branch spacing, type, and distribution on the calculated radii. Regardless of the branching functionality, it is 
found that the mean-square radius of gyration of the backbone of branched polyethylene is nearly identical with the 
radius of linear polyethylene of the same degree of polymerization as the branched polymer's backbone, providing 
the branches are spaced 20 or more bonds apart. This result reduces the calculation of the mean-square un
perturbed radii of gyration of branched polyethylenes to the taking of the appropriate sums and differences of the 
radii of gyration of linear portions of the branched polymer. Since the radius of linear polyethylene has been 
previously calculated as a function of chain length, it is possible to closely approximate the radius of any given 
branched polyethylene without specifically conducting any further conformational calculations. Examples of the 
calculated radii of gyration of several widely differing branched polyethylenes are presented and compared to their 
freely jointed values. A recent solution-viscosity study of ethyl-branched polyethylenes reports an increase in the 
backbone flexibility relative to linear polyethylene as the branch content is increased. For reasonable ranges of 
the rotational state statistical weights, it is possible to predict this observed increase in backbone flexibility only if 
the rotational states are displaced ca. 10° from the symmetric positions 0 and ±120°. Displacements of this 
magnitude from the threefold symmetric locations are in agreement with spectroscopic measurements and potential 
energy calculations performed on n-butane and higher alkanes. 

Journal of the American Chemical Society / 94:9 / May 3,1972 



2973 

effect of chain branching on the equilibrium and dy
namic physical properties of polymers in dilute solution 
and in the bulk have been undertaken. In addition, 
several theoretical investigations1'13-28 have attempted 
to relate the degree and type of chain branching to the 
equilibrium statistical radius of gyration (as measured 
by light scattering) and to the hydrodynamic radius 
(as determined from viscosity measurements). 

However, all but one9 of the above studies have 
failed to deal with the influence of branching on polymer 
backbone flexibility and the contribution this influence 
makes to the physical properties of branched polymers. 
Most of the experimental investigations were compli
cated by molecular weight and branching heterogene
ities and in some cases by intermolecular interactions 
present in the bulk, and the theoretical calculations were 
performed either on long, freely jointed chains or on a 
cubic lattice by Monte Carlo methods.24 Before the 
influence of branching on the physical properties of 
polymers can be predicted (especially for polymers in the 
bulk), knowledge of how branching affects the proper
ties of individual and isolated polymer chains must be 
gathered. 

The purpose of the present investigation is to de
termine the conformational characteristics of branched 
polyethylene. Mean-square unperturbed26 radii of 
gyration are calculated in the rotational isomeric state 
approximation26'27 for variously branched polyethylenes. 
The calculated radii are compared with the radii ob
tained experimentally by Stacey and Arnett9 for ethyl-
branched polyethylenes and those calculated pre
viously13-22 for long, freely jointed branched polymers. 

Methods of Calculation 

A portion of a branched polyethylene chain in the 
all-trans or planar-zigzag conformation is depicted in 

(2) G. V. Schulz, Z. Phys. Chem., Abt. B, 43, 25 (1939). 
(4) T. A. Oroflno and F. Wenger, / . Phys. Chem., 67, 566 (1963). 
(5) G. C. Berry, L. M. Hobbs, and V. C. Long, Polymer, 5, 31 

(1964). 
(6) G. C. Berry and T. G. Fox, J. Amer. Chem. Soc, 86, 3540 (1964). 
(7) G. C. Berry, IUPAC Preprint XI-144, 1966. 
(8) F. E. Drott and R. A. Mendelson, J. Polym. Sci., Part A-2, 8, 

1373 (1970). 
(9) C. J. Stacey and R. L. Arnett, Polym. Prepr., Amer. Chem. Soc, 

Div. Polym. Chem., 11, 1078 (1970). 
(10) I. Noda, T. Horikawa, T. Kato, T. Fujimoto, and M. Nagasawa, 

Macromolecules, 3, 795 (1970). 
(11) Symposium on the Characterization and Properties of Branched 

Polymers, Los Angeles, Calif.; Polym. Prepr., Amer. Chem. Soc., DID. 
Polym. Chem., 12, 263-295, 343-377 (1971). 

(12) G. C. Berry, J. Polym. Sci., Part A-2, 9, 687 (1971). 
(13) B. H. Zimm and W. H. Stockmayer, / . Chem. Phys., 17, 1302 

(1949). 
(14) W. H. Stockmayer and M. Fixman, Ann. N. Y. Acad. Sci., 57, 

334(1953). 
(15) M. Wales, P. A. Marshall, and S.-G. Weissberg, J. Polym. Sci., 

10, 229 (1953). 
(16) H. Benoit, ibid., 11, 507 (1953). 
(17) J. S. Ham, / . Chem. Phys., 26, 625 (1957). 
(18) B. H. Zimm and R. W. KiIb, / . Polym. Sci., 37, 19 (1959). 
(19) Yu. Ya. Kolbovskii, Vysokomol. Soedin., 2, 1375 (1960). 
(20) T. A. Orofino, Polymer, 2, 295, 305 (1961). 
(21) G. R. Dobson and M. Gordon, J. Chem. Phys., 41, 2389 (1964). 
(22) M. Kurata and M. Fukatsu, ibid., 41, 2934 (1964). 
(23) E. F. Casassa and G. C. Berry, J. Polym. Sci., Part A-2, 4, 881 

(1966). 
(24) L. V. GallacherandS.Windwer,/. Chem.Phys., 44, 1139(1966). 
(25) G. C. Berry, / . Polym. Sci., Part A-2, 6, 1551 (1968). 
(26) P. J. Flory, "Statistical Mechanics of Chain Molecules," Inter-

science, N. Y., 1969, Chapters I-VI. 
(27) M. V. Volkenshtein, "Configurational Statistics of Polymeric 

Chains, Interscience, New York, N. Y., 1963, English translation, 
Chapter 3. 

(28) A. Abe, R. L. Jernigan, and P. J. Flory, / . Amer. Chem. Soc, 88, 
631 (1966). 
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Figure 1. A schematic diagram of a portion of a branched poly
ethylene in the all-trans or planar-zigzag conformation. 

Figure 1. The branch B is of the n-alkane type CH2-
CH2- • 'CH3. The backbone bond lengths (1.53 A) and 
valence angles (112°) are assumed to be rigid.26'27 

The rotational isomeric states of <p = 0° (trans (t)) and 
±120° (gauche (g±)) are adopted, and small dis
placements away from these threefold symmetric 
locations are also considered.2629 Knowledge of the 
probabilities of occurrence, or the statistical weights, of 
the rotational states is necessary26 to the description of 
the conformational characteristics of the chain and to 
the determination of its equilibrium physical properties, 
The rotational state statistical weights of any non
terminal bond depend only on the rotational states of 
the nearest neighbor bonds. Consequently, only inter
actions dependent on a single or pair of adjacent 
rotation angles need be considered. 

Inspection of molecular models makes clear that only 
the nearest neighbor dependent steric interactions and 
statistical weights associated with the rotational states 
of the two backbone bonds preceding and the three 
backbone bonds succeeding the branch point differ 
from those in linear polyethylene. As an example of 
the formulation30 of statistical weight matrices, we 
focus attention on the interactions dependent on the 
pair of rotations about bonds of the type i — 2 and 
z — 1 in Figure 1. We seek to determine the following 
matrix 

U, 

whose elements are Boltzmann factors of the energies of 
each of the nine different pairs of rotational states. 
The rows of C/4_i are indexed by the rotational states of 
bond i — 2 and the columns by the rotational states of 
bond / — 1. For all but the terminal bonds in linear 
polyethylene26'28 

t 

g+ 

g-

t 

~Mtt 

Mgn 

_Mg-t 

g+ 

Mt8^ 

/ V g + 

/ V g + 

g~ 
Mtg-

/ V g 

/ V g 

U = 

1 (J (T 

1 (J UU 

1 (JW a 

where <J is the statistical weight corresponding to the 
three-bond trans-gauche energy difference and u 
represents the statistical weight of the four-bond pen-
tane interference in the g±g^ rotational states. 

Following Flory, et a/.,26'28'29 we break the inter
actions up into those dependent solely on pf_i (three-
bond interactions) and those dependent on <p4_2 and 
<pi_i (four-bond interactions). The three-bond inter-

(29) P. J. Flory, J. E. Mark, and A. Abe, ibid., 88, 639 (1966). 
(30) For a complete description of the formulation of backbone bond 

statistical weight matrices in polymer chains see ref 26 and 29. 
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Figure 2, A diagram illustrating the three-bond nonbonded steric 
interactions dependent on the single rotation angle ^ 1 (see Figure 
D. 

actions dependent upon c?4_i are illustrated in Figure 2, 
In the trans conformation shown in Figure 2 the CH2 

group attached to bond / — 2 is close to the branch B 
attached to C w ; rotation of 120° in a clockwise 
direction results in the g+ state where the CH2 group 
attached to bond i — 2 is in close contact with both the 
CH2 group attached to bond / and the branch B; and 
in the g- state only the two CH2 groups are in proximity. 
By analogy to the treatment of linear polyethylene28 

and vinyl polymers,29 the three-bond statistical weights 
770-, ra, and cr are assigned to the t, g+, and g~ confor
mations about bond i — 1 and placed in the diagonal 
matrix Z)4-1 = diag(?7<7,T<7,cr), or diag(7j,r,l). The 
statistical weight a represents the three-bond inter
actions between CH2 groups in the g~ state and r is the 
statistical weight for the three-bond interaction involv
ing B and CH2. 

For branches of the «-alkane type and when the 
rotational states are assumed to be symmetrically 
located at 0 and ±120", r = a. However, theo
retical26 '28-31 and experimental32-34 evidence suggests 
that <Pi-i(t,g±) = - A 0 , 120°, ( -120 + A)0 and 
^,(t.g*) = A°, (120 - A)0, - 120° , while all other 
bonds not adjacent to a branch point have cpt = 0° and 
cpg± = ± 120 =F A0, where A ~ 5-10°, because of steric 
repulsions such as those illustrated in Figure 2. How
ever, the steric interactions represented by r are not 
alleviated by this displacement, resulting in 0 < r < <J. 

Four bond interactions involving the rotation angles 
cff4_2 and (Pi-i may be summarized by the following 
matrix 

i — 2 t g+ g~ 

Ci 1 1 
1 CO W (1) 

g~[_C0 CO 1 

where the statistical weight co represents the interaction 
of two CH2 groups as it occurs in the g±gT con
formations of linear polyethylene. Elements of unity 
signify four-bond steric interactions no more severe 
than in the tt conformation. Finally Ut-\ is given by 

Ui-.! =-- K (_i Z)4-I = 77 TU co (2) 

V 
V 
7700 

T 

TCO 

TCO 

1 

CO 

1 

(31) R. A. Scott and H. A. Scheraga, Biopolymers, 4, 237 (1966). 
(32) K. Kuchitsu, / . Chetn. Soc. Jap., 32, 748 (1959). 
(33) R. A. Bonham and L. S. Bartell, / . Amer. Chem. Soc, 81, 3491 

(1959). 
(34) L. S. Bartell and D. A. Kohl, / . Chem. Phys., 39, 3097 (1963). 

a similar fashion we obtain 

E/<-2 = 

U{ = 

Ut+i = 

UW = 

"1 

1 

_1 

TjT* 

V 

.V 

"1 

1 

_1 

"1 

W 

J 

(T 

(J 

(JOi 

1 

1 

O) 

(TCO 

(J 

CTCO 

(J 

(JU 

(JU 

(JU 

(JCl)2 

CTO) 

T 

TCO 

T 

(J 

CTCO 

CTCO 

(T 

UU2 

(T 

O) 

where T* denotes the statistical weight corresponding 
to the additional CH2-B interaction when the bonds on 
either side of the branch point are both trans,2629 and 
T* S= T for n-alkane branches.35 The statistical 
weight matrices for the bonds adjoining a tetrafunctional 
branch point are also presented below. 

Ui. 

1 (TU 

1 (TU 

1 (TU2 

1 1 

Ui-, 

ut 

ui+1 = 

(TU 

(JU2 

(TU 

1 

CO CO CO 

.CO CO 

"(T*)2 1 

1 1 

1 CO 

1 

co 

1 

(4) 

(TCO crco 

(JCO GU 

1 C7C0 CCO 

U, i+2 

U 

(JU2 

(JU 

The Flory-Jernigan matrix method26'36 is employed 
in the calculation of the mean-square radii of gyration. 
For a chain of n backbone bonds 

(SX = (n + I)-2E(^2) 
0<t<; '<n 

(5) 

where ri} is the distance between the /th and y'th chain 
segments, and 

Hence 

£<>V> = 2Z-V* [JlGi )J 
0<i<j<n 

(S% = 2(n+ I)-2Z-V* [YlGi V 

(6) 

(7) 

(35) A. Abe, J. Amer. Chem. Soc, 90, 2205 (1968). 
(36) P. J. Flory and R. L. Jernigan, •/. Chem. Phys., 42, 3509 (1965). 
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where / * is the 1 X Iv row [1.000- • -0], / is the Iv X 

1 column with dv zeros followed by v ones (v is the 

number of rotational states) 

'O" 
0 

Table I. Calculated Unperturbed Radii of Gyration of 
Trifunctional Branched Polyethylenes of 100 Backbone Bonds 

G1 

U U (U X F)M 

0 U (U X lT)\\T\\ 

0 0 ( U X Es)\\T\\ 

0 0 0 

0 0 0 

(PjT)U (PIT)U' 

(PIT)U (PjT)U 

UXl UXl 

U U 

0 U 

(8) 

and is Iv X Iv in size. In this equation U is the 

statistical weight matrix, / is the bond vector as 

a column, £3 is the third order unity matrix, \\T\\ is 

the diagonal array of 3 X 3 matrices T which trans

form the representation of a vector in the coordi

nate system of bond / + 1 into its representation in the 

like coordinate system affixed to bond i (see ref 25), and 

Z is the configurational partition function 

T * 

0.1 
0.1 
0.1 
0.1 
0.1 
0.2 
0.2 
0.2 
0.2 
0.2 
0.3 
0.3 
0.3 
0.3 
0.3 
0.4 
0.4 
0.4 
0.4 
0.4 
0.5 
0.5 
0.5 
0.5 
0.5 
1.0 
1.0 
1.0 
1.0 
1.0 

T 

0.1 
0.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 

S(S)* 

0.86(1.01)b 

0.86(1.00) 
0.86(1.00) 
0.86(0.99) 
0.86(0.99) 
0.88(1.03) 
0.88(1.02) 
0.87(1.01) 
0.87(1.00) 
0.87(1.00) 
0.89(1.05) 
0.89(1.04) 
0.89(1.03) 
0.88(1.02) 
0.88(1.01) 
0.90(1.07) 
0.90(1.05) 
0.90(1.04) 
0.89(1.03) 
0.89(1.02) 
0.92(1.08) 
0.91(1.06) 
0.90(1.05) 
0.90(1.04) 
0.90(1.03) 
0.97 
0.96 
0.95 
0.94 
0.94 

S(IO) 

0.91(0.99) 
0.91(0.99) 
0.91 (0.98) 
0.91 (0.98) 
0.91 (0.97) 
0.92(1.01) 
0.92(1.00) 
0.92(0.99) 
0.92(0.98) 
0.91 (0.98) 
0.93(1.02) 
0.93(1.01) 
0.93(1.00) 
0.92(0.99) 
0.92(0.99) 
0.94(1.03) 
0.94(1.02) 
0.93(1.01) 
0.93(1.00) 
0.93(0.99) 
0.95(1.03) 
0.95(1.02) 
0.94(1.01) 
0.94(1.01) 
0.93(1.00) 

g<20) 

0.95(1.99) 
0.95(0.99) 
0.95(0.99) 
0.95(0.99) 
0.95(0.99) 
0.96(1.00) 
0.96(1.00) 
0.96(1.00) 
0.96(0.99) 
0.95(0.99) 
0.97(1.00) 
0.96(1.00) 
0.96(1.00) 
0.96(1.00) 
0.96(0.99) 
0.97(1.00) 
0.97(1.00) 
0.97(1.00) 
0.96(1.00) 
0.96(1.00) 
0.97(1.00) 
0.97(1.00) 
0.97(1.00) 
0.97(1.00) 
0.96(1.00) 

Z= K*(Hut)K 

where K* is the I X x row vector [10-

v X 1 column vector 

(9) 

•0] and A" is the 

« g = (58)O,B/(S2>0,L, and g(x) signifies a branch point every x 
backbone bonds. h A to = 0°, a = 0.54, and « = 0.088. AU 
other values correspond to A<p = 10°, a = 0.61, and o> = 0.11. 

Table II. Calculated Unperturbed Radii of Gyration of 
Tetrafunctional Branched Polyethylenes of 100 Backbone Bonds 

T * 

0.1 
0.2 
0.3 
0.4 
0.5 
1.0 

g(5)" 

0.91 (1.05)& 

0.91 (1.06) 
0.91 (1.06) 
0.92(1.07) 
0.93(1.08) 
1.0(1.15) 

S(IO) 

0.92(1.02) 
0.92(1.02) 
0.93(1.03) 
0.94(1.06) 
0.94(1.06) 
0.96(1.08) 

8(20) 

0.95(1.01) 
0.95(1.01) 
0.95(1.01) 
0.96(1.01) 
0.96(1.01) 
0.98(1.04) 

As an example of the applicationof eq 7 and 8 the mean-
square radius of the branched polyethylene 

11 
1 2 

is given by 

0 g = (5,2)0,B/(S2)O,L, and g(x) signifies a branch point every x 
backbone bonds. 6 Ato = 0°, <r = 0.54, and o> = 0.088. All 
other values correspond to A^ = 10°, <j = 0.61, and a = 0.11. 

Table III. Calculated Radii of Gyration of 
Branched Polyethylenes 

2 
W ° (a + b + c+\y 

X 

( a + c \ /a + b \ 'a + b 

+ 
J*(UG^)J J*(JIG)J 

(10) 

^b ^c _] 

where a, b, and c are the numbers of backbone bonds in 
the segments 1, 2, and 3, respectively, and Zac, for 
example, is the partition function for the continuous 

Polymer 

a b 

a b 

a 6 

\d\e 

a b c 

\d\e 

a b c 

\d\e 

a b c 

Branch length 

a = b = 100, 
c = 6 

a = b = 100, 
c = 50 

a = b = 100, 
c = 100 

a = b = c = 100, 
d = e = 6 

a = b = c = 100, 
d = e = 50 

a = b = c = 100, 
d = e = 100 

8" 

0.958 (0.940)" 

0.802(0.790) 

0.770(0.765) 

0.959(0.935) 

0.755(0.740) 

0.692(0.685) 

g" 

0.955 

0.799 

0.768 

0.955 

0.752 

0.690 

" Correct statistical wt matrices with a = r = T* = 0.54, a = 
0.088, and A<p = 0°. fc Statistical wt matrix appropriate to LPE 
used for every bond with a = 0.54 and u = 0.088. ' &<p = 10°, 
0- = T = T* = 0.61, and w = 0.11. 

Tonelli / Branched Polyethylenes 



2976 

Table IV. Calculated Mean-Square Radii of Gyration of Branched Polyethylenes with Random Distributions of Branch 
Lengths and Spacings (Cases II and IV) 

Branching type Polymer 

- < S V B / < S % L -
Freely jointed and 

Rotational long branched 
isomeric state polymers 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

isnTs 

—4"—! 
100 

'25 

llOO 
100 
- U - : 

150 

100 I1 

l lOO 

4-25 
150 

251 1100 

100 50 100 

25 100 

100 I 50 I 100 
50 25 

100| J25 I SO 

25 50 25 100 

100 25 50 

25 J 50 J2S J 100 
50 100 25 

100100100 50 

I I I I 
50 25 50 25 25 

100 50 25 100 

1 

1 

1 

1 

2 

2 

3 

3 

4 

4 

4 

3 

4 

3 

0.851 

0.725 

0.689 

0.699 

0.727 

0.561 

0.701 

0.493 

0.561 

0.703 

0.733 

0.733 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Random 

Random 

Random 

Random 

Random 

Random 

Random 

50 100 25 50 

100 I 2 5 I 5 0 H KX 

25 50 100 26 

25 100 50 100 25 

I I I I 1 
100 50 25 25 100 50 

50 100 100 100 50 

I 150125 1S5 

25 100 50 100 50 

100 25 50 25 100 

|100| 25 I 50 |100| 50 

50 50 100 25 60 

125 
5 0 — ^ - 1 0 0 

25 

100 — 2 6 

25 100 

l50~ 

|25 

1100 

50 F - 1 0 0 
|50 

25 50 100 

1» |™25 
50 

0.444 

0.557 

0.392 

25 25 100 50 

o| 

0.786 

0.517 

0.673 

0.507 

0.680 

0.564 

0.703 

0.534 

5 

1 

1 

4 

3 

4 

0.511 

0.851 

0.725 

0.534 

0.900 

0.800 

0.829 

0.691 

0.774 

0.618 

0.730 
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Branching type Polymer 

-<S*W<Sa)o.L-
Freely jointed and 

Rotational long branched 
isomeric state polymers 

Random 

Random 

Random 

50 !0O 50 

25 1 25 I 25 I 10O Hf 
25—F-IO 

25 100 50 

150 lioo 

r 
u 
|ioo 

50 

25 5O 2 , 

25 

100-
50 

0.396 

0.678 

0.438 

0.566 

0.694 

0.525 

0 m = number of branch points, "f = branch functionality. 

section of the chain consisting of segments 1 and 3. If 
this same chain were treated as freely jointed2226 and 
the lengths of segments 1, 2, and 3 are sufficiently long, 
then 

<52)„ = 
6/2 

[(o + b)(a + b + \Y + 
(a + b+ c+iy 

(a + c)(a + c + I)2 + (b + c)(b + c + I)2 -

a{a h I)2 - b(b + I)2 - c(c + I)2] (11) 

Results 

For articulated branches of the «-alkane type (B = 
CH2-CH2-- • CH3), which are primarily under con
sideration here, the following values of the statistical 
weights are appropriate26'28'29 at T = 140°: rj = 1.0, 
0 < T* « T < a < 0.6, and w « 0 . 1 . If B = C H 3 , as in 
ethylene-propylene copolymers, then T* = 1.0. The 
calculated mean-square unperturbed radii of gyration 
presented in Tables I and II correspond to these values 
of the statistical weight parameters and for branches of 
zero length; i.e., the conformational characteristics of 
the backbone bonds neighboring a branch point are 
treated as if a branch were present, but the sums of the 
mean-square distances between the segments in the 
same branch, between the segments in different branches, 
and between the segments in a branch and the back
bone are neglected. This method of calculation per
mits an explicit evaluation of the effect of branching 
(functionality and spacing) on the flexibility of the poly
ethylene backbone. 

The unperturbed mean-square radii of several 
branched polyethylenes are calculated using the correct 
statistical weight matrices derived and presented earlier 
and then using the matrix appropriate to linear poly
ethylene for each bond. A display and comparison of 
these results are made in Table III. The calculated 
radii of several examples of branched polyethylenes with 
normal or comb-type branching possessing uniform 
(case I) and random (case II) distributions22 of branch 
lengths and spacings and with random branching and 
uniform (case III) and random (case IV) distributions of 
branch lengths and spacings are presented in Tables IV 
and V. Each radius was calculated using the statistical 
weight matrix appropriate to linear polyethylene for 

each bond in the chain. Freely jointed radii are also 
presented for purposes of comparison. 

Discussion 

It is clear from the calculated radii of gyration pre
sented in Tables I—III that the backbone flexibility of 
branched polyethylene is predicted to be nearly the 
same or slightly greater than linear polyethylene ((S2)0 B 

< (S2)O,L)> provided A<p ̂  0° and the branches are 
spaced at intervals of 20 or more bonds. The pre
dicted dependence of backbone flexibility upon branch
ing is compared in Table VI to the experimental radii 
of gyration of ethyl-branched polyethylenes37 measured 
by Stacey and Arnett.9 They find the measured radii 
to decrease substantially as the number of ethyl branches 
is increased. The observed reduction in (S2)0,B for the 
more sparsely branched samples can be reproduced by 
the calculated radii only if T* < 0.10. In the range 
0 < T* < 0.5, it is not obvious2629 what precise value 
should be assigned to r* for n-alkane-branched poly
ethylenes. Unlike most measurements performed on 
vinyl polymers,26'29 the data reported by Stacey and 
Arnett9 provide an experimental check upon the value 
of T* which is independent of stereoregularity, be
cause of the absence of branch-branch interactions. 
Hence, one might conclude38 from the comparison made 
in Table VI that T = r* « 0.10 is more realistic than 
x = T* « <r = 0.5-0.6 for «-alkane-branched poly
ethylenes. 

In any event, the backbone flexibility of sparsely 
branched polyethylenes (20 or more bonds apart) is 
seen to vary insignificantly from linear polyethylene. 
Thus, the mean-square unperturbed radii of gyration 
of branched polyethylenes may be closely estimated 
from the radii of gyration previously calculated for 
linear polyethylene as a function of chain length. 
Summation of the appropriate known radii of gyration 
of the linear segments of branched polyethylene (see eq 
10) makes possible this estimate of its radius.39 

(37) Ethyl-branched polyethylenes were obtained by hydrogenating 
polybutadienes. The 1,3-diene content detected by infrared spectros
copy prior to hydrogenation was assumed to be the ethyl-branch content 
subsequent to hydrogenation. 

(38) P. J. Flory, / . Amer. Chem. Soc, 89, 1798 (1967). 
(39) Throughout the above comparison of the flexibility of branched 

and linear polyethylenes, the same temperature has been used in evalu
ating the rotational state statistical weights for all of the polymers; 
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Table V. Calculated Mean-Square Radii of Gyration of Branched Polyethylenes with Uniform Distributions of Branch Lengths 
and Spacing (Cases I and III) 

Branching type Polymer a = 25 

«S ! )O .B/<S 2 )O .L)°— 

a = 50 a = 100 
Freely jointed 
with a = 400 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Normal or comb 

Random 

Random 

Random 

Random 

Random 

Random 

Random 

+ 

i± 

+ 

J= 

1 

1 

2 

2 

3 

3 

4 

4 

5 

5 

1 

1 

2 

3 

4 

3 

4 

3 

4 

3 

4 

3 

4 

3 

4 

3 

0.737 

0.568 

0.684 

0.520 

0.654 

0.479 

0.619 

0.445 

0.602 

0.416 

0.737 

0.568 

0.684 

0.769 

0.615 

0.699 

0.530 

0.657 

0.474 

0.612 

0,447 

0.597 

0.430 

0.769 

0.615 

0.734 

0.769 

0.608 

0.690 

0.530 

0.661 

0.502 

0.642 

0,469 

0.620 

0.446 

0.769 

0.608 

0.689 

0.776 

0.626 

0.715 

0.548 

0.670 

0.498 

0.638 

0.465 

0.617 

0.443 

0.778 

0.712 

0.712 

J -

0.515 

0.655 

0.479 

0.586 

0.557 

0.647 

0.474 

0.604 

0.530 

0.674 

0.502 

0.648 

0.545 

0.668 

0.496 

0.633 

Random 

Random 

Random 

F 
J= 

0.409 0.408 0.439 0.460 

0.609 0.604 0.636 0.605 

0.381 0.395 0.415 0.432 

° a is the number of bonds in each branch, between branches, or in those portions of the backbone between a branch point and a chain end. 
b The number of branch points. c Branch functionality. 

Examination of the statistical weight matrices corre
sponding to the bonds surrounding a branch point (see 

this assumes that the radii of gyration of branched and linear poly
ethylenes become unperturbed by excluded volume effects in dilute 
solution at the same temperature, i.e., at the B temperature. In fact, 
this assumption is justified, because it has been shown experimentally 
(see ref 12 for a summary of the data) that 8B = 0L ± (0-10°) for several 
different polymer with heavy and light distributions of both short and 
long branches. Hence, if we remember that for linear polyethylene86'M 

dln(r8}o/dr = -1 .0 X 10"» 0C"1, then |flB - 0L| = 10° would result in 
a 1 % difference in their unperturbed radii due solely to the difference in 
their 6 temperatures. 

eq 2-4) leads to a rationalization of the near indepen
dence of backbone flexibility upon branching. Bonds 
i — 2 and i + 1 (see Figure 1) are less flexible than 
the backbone bonds in linear polyethylene, while bonds 
i — 1 and i are more flexible and bond i + 2 has about 
the same flexibility, where an increase in bond flexibility 
over linear polyethylene means the gauche conformations 
have a higher probability in the branched polymers. 
This comparison and rationalization may be made 
quantitative by calculating the a priori probability, Pt, 
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Table VI. Comparison of Calculated and Experimental Radii 
of Gyration of Ethyl-Branched Polyethylenes 

Table VII. A Priori Bond Rotational State Probabilities 

No. of ethyl 
branches per 100 

backbone carbons 

5 
10 
20 

S -
Exptl*-

0.94 
0.89 
0.80 

= <S»>. , . / / C " \ , „ 
,H/ \J A..L" 

Calcd* 

0.95-0.97 
0.91-0.95 
0.86-0.91 

«Determined from viscosity and light scattering measurements 
and compared to linear polyethylene with the same degree of 
polymerization as the backbone of the branched polymer. 
1 Branches were assumed to be of zero length and Ay? = 10°, c — 
0.61, u = 0.11 with T* and T between 0.1 and 0.5. 

that any backbone bond in a branched polyethylene is 
in the trans conformation. The Flory-Jernigan matrix 
methods26 were employed to obtain the calculated 
results given in Table VII. It is clear that the back
bones of even these heavily branched polyethylenes 

Polymer JV (iV + P1Y 
No branches (cr = 0.54, 

co = 0.088) 
No branches (u = 0.61, 

CO = 0.11) 
Trifunctional branch 

every 5 bonds (a = 0.54, 
co = 0.088) 

Trifunctional branch 
every 5 bonds (o- = 0.61, 
co = 0.11) 

Tetrafunctional branch 
every 5 bonds (cr = 0.54, 
co = 0.5-0.088) 

Tetrafunctional branch 
every 5 bonds (cr = 0.61, 
CO = 0.11) 

0.598 

0.572 

0.609-0.654 
(0.653-0.684)" 

0.594-0.644 
(0.639-0.669)b 

0.624-0.634 
(0.661)' 

0.615-0.625 
(0.652)" 

0,402 

0.428 

0.391-0.346 
(0.347-0.316)" 

0.406-0.356 
(0.361-0.331)» 

0.376-0.366 
(0.339)= 

0.385-0.375 
(0.348)= 

" T and T* are between 0.1 and 0.5. h r* = 1.0, 0.1 < r < 0.5. 
CT* = 1.0. 

have calculated conformational characteristics and 
flexibilities very similar to linear polyethylene. 
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Abstract: Solution and solid-state electronic spectral measurements at 295° and at low temperatures (77° or 
1000K) have been carried out on the low-spin trigonal-bipyramidal complexes [Ni(CN)2(PhPR2)s] (R = Me, OEt) 
and [MX(L'L3)IY, where M - Ni(II), Pd(II), Pt(II), X = Cl, Br, I, CN, Y = X, ClO4, BPh4, and L'L3 represents 
a potentially quadridentate "tripod-like" ligand (Me2AsCH2CH2CH2)SL' (L' = P, As), (o-MeL C6H4)SP (L = S, 
Se) or (o-Ph2L-C6H4)SL' (L' = L = P, As). The lowest energy band vi is usually asymmetric and even may be 
split into a double peak at 2950K; on cooling solutions of the complexes, band vi exhibits a dramatic increase 
in extinction coefficient and becomes more symmetrical. This unusual effect is discussed in terms of a Jahn-Teller 
distortion of the doubly degenerate excited state and a temperature-dependent static distortion of the ground 
state. By contrast, the two transitions contributing to band vi of the solid complexes do not approach one another 
on cooling but instead become somewhat better resolved, indicating that the asymmetry or splitting of V1 is due 
primarily to a permanent ground-state distortion. The band vi in the solution spectra of the complexes [MCl(P-
As2P)]Cl, where M =Pd, Pt and P-As2P = (0-Ph2As-C6HO2(O-Ph2P-C6H4)P, shows two well-resolved peaks at 
1000K, as the three equatorial atoms are no longer the same and the complexes have C5 rather than C3, micro-
symmetry. 

Since the preparation of the first complexes of quad
ridentate "tripod-like" ligands,3-6 much work has 

(1) State University of New York at Albany. 
(2) (a) California Institute of Technology; (b) National Science 

Foundation Predoctoral Fellow, 1966-1969. 
(3) J. A. Brewster, C. A. Savage, and L. M. Venanzi, J. Chem. Soc, 

3699 (1961). 
(4) C. A. Savage and L. M. Venanzi, ibid., 1548 (1962). 
(5) G. S. Benner, W. E. Hatfield, and D. W. Meek, lnorg. Chem., 3, 

1544(1964). 

been carried out on the characterization of this class 
of complex.6'7 Structural determinations on certain 
of the [MX(L'L3)]+ complexes have shown them to be 
trigonal-bipyramidal, with the unidentate anion X oc
cupying an axial position trans to the central atom, L', 

(6) G. Dyer and L. M. Venanzi, / . Chem. Soc, 2771 (1965), and 
references therein. 

(7) G. S. Benner and D. W. Meek, lnorg. Chem., 6, 1399 (1967), and 
references therein. 
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